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Abstract
In this paper we consider a linear system of Timoshenko type beam equations with frictional dissipative terms.
We show the exponential decay of the solution by using a method developed by Z. Liu and S. Zheng and their
collaborators in past years. This method is very different from some others in the literature, such as the traditional
energy method. It is our hope that the reader will find the method presented in this work is powerful and simple.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction
The transverse vibrations of a beam are given by two coupled partial differential equations
ρutt = (K (ux − ψ))x , in ]0, L[×]0,∞[, (1.1)
Iρψt t(x, t) = (E Iψx)x + K (ux − ψ), in ]0, L[×]0,∞[. (1.2)
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Here, t is the time variable and x is the space coordinate along the beam, the length of which is L , in
its equilibrium position. The function u is the transverse displacement of the beam and ψ is the rotation
angle of a filament of the beam. The coefficients ρ, Iρ , E , I , and K are the mass per unit length, the polar
moment of inertia of a cross section, Young’s modulus of elasticity, the moment of inertia of a cross
section and the shear modulus respectively. We denote ρ1 = ρ, ρ2 = Iρ , b = E I , k = K , and we obtain
directly from (1.1) and (1.2) the following system
ρ1utt − k(ux − ψ)x = 0, in ]0, L[×]0,∞[, (1.3)
ρ2ψt t − bψx x + k(ux − ψ) = 0, in ]0, L[×]0,∞[. (1.4)
The energy of the beam is
E(t) = 1
2
∫ L
0
[ρ1|ut |2 + ρ2|ψt |2 + b|ψx |2 + k|ux − ψ |2]dx .
Let us mention some results about the stability of this model. The case of two boundary control forces has
already been considered by Kin and Renardy [8] for the Timoshenko beam. They proved the exponential
decay of the energy E(t) by using a multiplier technique and provided numerical estimates of the
eigenvalues of the operator associated to this system, and by Lagnese and Lions [9], for the study of
the exact controllability. Taylor [10] studied the boundary control of the system with variable physical
characteristics. Ammar-Khodja et al. [4], showed the exponential decay of the associated energy for
Timoshenko systems with memory and Raposo [6] studied the uniform stabilization of transmission
problems for Timoshenko systems of memory type. Shi and Feng [11] established the exponential
decay of the energy with locally distributed feedback (two feedbacks). In this paper we will prove the
exponential decay for a solution (u, ψ) of the system
ρ1utt − k(ux − ψ)x + ut = 0, in ]0, L[×]0,∞[, (1.5)
ρ2ψt t − bψx x + k(ux − ψ) + ψt = 0, in ]0, L[×]0,∞[, (1.6)
u(0, t) = u(L , t) = ψ(0, t) = ψ(L , t) = 0 t > 0. (1.7)
This system is then a model for vibrating beams subjected to two frictional mechanisms. During the
past several decades, many authors have studied some physical phenomena for the Timoshenko system
formulated into different mathematical models. Our problem is important not only from the Mathematical
point of view, but mainly from the physical point of view with applications in Mechanics, among other
sciences. More precisely, in our work, the presence of the two dampings physically means that when
the beam suffers small deformations, it stabilizes quickly (with an exponential rate), as a function of the
attrition (in this case represented by the two dampings) acting in a natural way, so much in the small
vibrations and another on the rotation angle ψ of the filaments of the beam.
Our analysis is based on the method developed by Zheng and Liu and their collaborators in
past years. This method is very different from some other methods in the literature, such as the
traditional energy method. It is our hope that the reader will find the present method powerful and
simple. In the sequel we assume the existence and uniqueness of strong solutions to the initial-
boundary value problem under consideration, which can be proved by Semigroup Theory (see [5])
or by Faedo–Galerkin Method (see [6]). The problem is well-posed for data (u0, u1), (ψ0, ψ1) in the
Sobolev space [H 2(]0, L[) × H 10 (]0, L[)]2. Weak solutions and the energy of the system are defined in[H 10 (]0, L[) × L2(]0, L[)]2.
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2. The method
The problem of establishing an Energy estimate of the form
E(t) ≤ C E(0)e−wt , ∀ t ≥ 0,
or equivalently, establishing the exponential stability
‖S(t)‖ ≤ Ce−wt , ∀t ≥ 0,
of the semigroup S(t) remained open for some time. However, it is now clear (for instance, see [7]) that
these two statements are equivalents.
In this section we collect some results in the literature concerning the necessary and sufficient
conditions for a C0-semigroup being exponentially stable. The first result we are going to state is about
the necessary and sufficient conditions of exponential stability of a C0-semigroup on a Hilbert space. The
result was obtained by Gearhart (see [3]) and Huang [2], independently. The following statement is due
to Huang.
Theorem 2.1. Let S(t) = eAt be a C0-semigroup on a Hilbert space. Then S(t) is exponentially stable if
and only if
sup{Re λ;λ ∈ σ (A)} ≤ 0,
and
sup
Re λ≥0
‖(λI − A)−1‖ < ∞,
hold.
The following invariant of the result is due to Gearhart.
Theorem 2.2. Let S(t) = eAt be a C0-semigroup of contractions on a Hilbert space. Then S(t) is
exponentially stable if and only if
ρ(A) ⊇ {iβ, β ∈ R}, (2.1)
and
lim sup
|β|→∞
‖(iβ − A)−1‖ < ∞, (2.2)
hold.
Liu and Zheng [1] gave the proof of equivalence of these two results under the condition that S(t) = eAt
be a C0-semigroup of contractions on a Hilbert space.
In this work we use the method developed by Liu and Zheng [1], where the authors used a contradiction
argument by combining Gearhart’s Theorem with a PDE technique.
3. Exponential stability
The energy space associated to the system (1.3) and (1.4) is [H 10 (0, L)×L2(0, L)]2. The inner product
in the Energy space is defined for U j = (u j , v j , w j , y j )T ∈ H, j = 1, 2, as follows:
(U1, U2) =
∫ L
0
[k(u1x − w1)(u2x − w2) + ρ1v1v2 + ρ2y1 y2 + bw1w2]dx .
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In the sequel we will denote by ‖U‖2 = (U, U ), the norm in the energy space. The system (1.3) and
(1.4) can be written as
d
dt
U (t) − AU (t) = 0,
where
U (t)


u
ut
ψ
ψt

 , A


0 I 0 0
k
ρ1
(·)x x −k
ρ1
1
ρ1
(·)x 0
0 0 0 I
k
ρ2
(·)x 0 k
ρ2
(·)x x − k
ρ2
−1
ρ2


with D(A) = [(H 2(]0, L[) ∩ H 10 (]0, L[)) × H 10 (]0, L[)]2.
Proposition 3.1. The operator A generates a C0-semigroup of contractions (eAt )t>0 on H.
Proof. See [11]. 
Proposition 3.2. The operator A is dissipative.
Proof. Let us consider U = (u, ut , ψ,ψt )T . Then we have
(AU, U ) = −
∫ L
0
[
1
ρ1
|ut |2 + 1
ρ2
|ψt |2
]
dx .  (3.1)
In this work our main result is the following theorem.
Theorem 3.1. The C0-semigroup of contractions (eAt )t>0, generated by A, is exponentially stable.
Proof. To prove the exponential stability of eAt , it remains to verify the properties (2.1) and (2.2) of
Theorem 2.2.
First we prove that
ρ(A) ⊇ {iβ, β ∈ R}.
Suppose the conclusion of (2.1) is false. There exists β ∈ R such that iβ ∈ σ (A) and from the
compactness of the imbedding D(A) in H , iβ are eigenvalues. Let U = (u, ut , v, vt )T , U = 0 such
that AU = iβU . Using the definition of A it follows that AU = iβU if and only if
kux x − kvx + ρ1β2u = iβu, (3.2)
bvx x − kux + kv + ρ2β2v = iβv, (3.3)
We multiply Eq. (3.2) by u
kux xu − kvxu + ρ1β2u2 = iβu2,
and perform integration by parts on ]0, L[ to obtain∫ L
0
β|u|2dx = 0, which implies u = 0.
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We multiply Eq. (3.3) by v
bvx xv − kuxv + kv2 + ρ2β2v2 = iβv2,
and perform integration by parts on ]0, L[ to obtain∫ L
0
β|v|2dx = 0, which implies v = 0.
Now, it is easy to see that u = v = 0 is the solution of the system
kux x − kvx + ρ1β2u = iβα(x)u,
bvx x − kux + kv = −ρ2β2v.
This completes the proof of
ρ(A) ⊇ {iβ, β ∈ R}.
Now we will prove that
lim sup
|β|→∞
‖(iβ − A)−1‖ < ∞. (3.4)
Suppose the conclusion of (3.4) is false, that is
lim sup
|β|→∞
‖(iβ I − A)−1‖ = ∞.
There exists a sequence (Vn) ∈ H and βn ∈ R such that ‖(iβn I − A)−1Vn‖ ≥ n‖Vn‖ ∀ n > 0. From
iβn ∈ ρ(A) we have that there exists a unique sequence (Un) ∈ D(A) such that
iβnUn − AUn = Vn, ‖Un‖ = 1,
that is Un = (iβn I − A)−1Vn, and ‖Un‖ ≥ n‖iβnUn − AUn‖. Now we denote Fn = iβnUn − AUn and it
follows that ‖Fn‖ ≤ n−1, and then Fn → 0 (strong) in H as n → ∞.
Let ut = v and ψt = φ, we denote Un = (un, vn, ψn, φn)T , and Fn = ( f n1 , f n2 , f n3 , f n4 )T ∈ H . With
our notation, we get
‖Un‖2 =
∫ L
0
[k|unx − ψn|2 + ρ1|vn|2 + ρ2|φn|2 + b|ψnx |2]dx . (3.5)
From iβnUn − AUn = Fn we have the following equations in L2(]0, L[).
iβnun − vn = f n1 , (3.6)
iβnvn − k
ρ1
(unx − ψn)x −
1
ρ1
vn = f n2 , (3.7)
iβnψn − φn = f n3 , (3.8)
iβnφn − b
ρ2
ψnx x +
k
ρ2
(unx − ψn) −
1
ρ2
φn = f n4 . (3.9)
Now taking the inner product of iβnUn − AUn = Fn with Un we have
iβn‖Un‖2 − (AUn, Un) = (Fn, Un),
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and taking the real part we get
∫ L
0
[
1
ρ1
|vn|2 + 1
ρ2
|φn|2
]
dx = Re(Fn, Un).
Noticing that (Un) is bounded and that Fn → 0 we get∫ L
0
|vn|2dx → 0, (3.10)
∫ L
0
|φn|2dx → 0, (3.11)
from where it follows that
vn → 0 (strong) in L2(]0, L[), (3.12)
φn → 0 (strong) in L2(]0, L[). (3.13)
Now we consider the equation
−βn‖Un‖2 − i(AUn, Un) = i(Fn, Un),
and using (3.1) we get
−βn‖Un‖2 − i
∫ L
0
[
1
ρ1
|vn|2 + 1
ρ2
|φn|2
]
dx = i(Fn, Un),
which implies βn‖Un‖2 → 0 and then βn|vn|2 → 0 and βn|φn|2 → 0. Now, it is easy to see that
βn|vn|2 → 0 and vn → 0 implies βnvn → 0 and that βn|φn|2 → 0 and φn → 0 implies βnφn → 0.
Using Eq. (3.7) we have
∫ L
0
|unx − ψn|2x dx → 0,
and by Poincare’s Inequality we get
∫ L
0
|unx − ψn|2dx → 0. (3.14)
Now combining (3.9) and (3.14) it follows that
∫ L
0
|ψn|2x xdx → 0, (3.15)
using Poincare’s Inequality we get
∫ L
0
|ψn|2x dx → 0. (3.16)
Thus from (3.12)–(3.14) and (3.16) we again have a contradiction and the proof of the theorem is
complete. 
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